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onsidered. In this work a
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1. Introdution
In this work we onsider supersymmetri Yang-Mills quantum mehan-
is (SYMQM) [1, 2℄. Theory for SU(N → ∞) gauge group in D = 10
dimensions is related to M−theory and allows researhes on the BFSS hy-
pothesis [3℄. For a smaller number of dimensions and a smaller number of
olours, like in our ase where D = 4 and N = 2 respetively, suh me-
hanis pose exellent theoretial laboratory [4℄ to test amazing properties
of supersymmetry, i.e. oexistene of disrete and ontinuous spetrum [5℄,
ation of supersymmetri generators or unique features of SUSY vauum
states [2, 6, 7, 8℄. Moreover SYMQM without fermions desribe glueballs
whih are also onsidered in many non-supersymmetri theories [9, 10, 4℄.
Here, in order to alulate the energy spetrum of our model the method
proposed by van Baal in Ref. [8℄ is used. In this work eigenvalues as well as
∗
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eigenfuntions of Hamiltonian of the model are omputed. Finally, to dis-
tinguish the loalized states form the non-loalized ones the virial theorem
is applied.
2. Hamiltonian
The zero-volume Hamiltonian [9, 8℄, i.e. in the long wave approximation
[2, 6℄, reads
H = −
1
2
∑
i,a
(
∂
∂cˆai
)2
︸ ︷︷ ︸
HT
+
1
2
∑
i,a
(
Bˆai
)2
︸ ︷︷ ︸
HV︸ ︷︷ ︸
HB
− i
∑
i,a,b,d
εabdλ¯
aσ¯iλbcˆdi ,
︸ ︷︷ ︸
HF
(2.1)
where in the bosoni part, i.e. in HB , HT is the kineti Hamiltonian, HV
with
Bˆai = −
1
2
∑
i,j,k,a,b,d
εijkεabdcˆ
b
j cˆ
d
k , (2.2)
orresponds to a bosoni potential while the fermioni part is denoted by
HF , where σ
j = τ j are Pauli matries. Bosoni variables, cˆai , have olour
indies a = 1, 2, 3 and spatial indies i = 1, 2, 3. Exept the olour indies
the antiommuting Weyl spinors, λαa , have spinor indies α = 1, 2. Thus, in
this system the maximum number of fermions is 3× 2 = 6.
3. The ut Fok spae
The operators of the number of fermioni quanta, nF , and the total angu-
lar momentum of the system, j ommute with the Hamiltonian. Therefore,
solving the eigenproblem of the Hamiltonian we an separately onsider the
setors with xed values of nF and j. The system has partile-hole symme-
try so it is enough to onsider setors with nF = 0, 1, 2, 3. Unfortunately,
the operator of number of bosoni quanta, nB, does not ommute with H.
Sine the model has an innite number of bosons solving it numerially we
have to ut somewhere the Fok spae o. A good hoie for this ut-o is
a maximal number of bosoni quanta in the system, B ≥ nB.
We are espeially interested in the setor where nF = 2 and j = 0.
In this setor the loalized and non-loalized states oexist. Moreover, it
ontains the supersymmetri vauum state. To nd the energy spetrum we
use van Baal approah [11, 8℄. For j = 0 and nF = 2 the Hamiltonian an
be rewritten in terms of three bosoni variables
r2 =
∑
j,a
(cˆaj )
2 , u = r−4
∑
j,a
(Bˆaj )
2 , v = r−3 det cˆ , (3.1)
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or equivalently in (x1, x2, x3) where
r2 =
∑
j
x2j , u = r
−4
∑
i>j
x2ix
2
j , v = r
−3
∏
j
xj . (3.2)
For example the bosoni potential has a form
HV = u r
4/2 = (x21x
2
2 + x
2
1x
2
3 + x
2
2x
2
3)/2 . (3.3)
The minimum of HV is loalized in six valleys along the xi−axis. The other
parts of the Hamiltonian have muh more ompliated struture [8, 12℄.
We onstrut the Fok spae ating cˆbj and λ
a
α˙ on the empty state [8, 4℄ :
|n〉 =
∑
contractions
{a1, . . . , ar}
cˆa1k1 . . . cˆ
am
km
λ¯α˙am+1 . . . λ¯
β˙
ar
|0〉 , (3.4)
where sum goes over gauge and rotation invariant ombinations of the op-
erators. For nF = 2 we have two independent ways of the fermioni ation:
Ij
a = −2i
∑
c,b,α˙,β˙
εc,b,aλ¯
c
α˙(σ¯
j0)α˙
β˙
λ¯bβ˙ |0〉 , J ab = −
∑
c,b,α˙,β˙
λ¯aα˙λ¯
b
β˙
ǫα˙β˙|0〉 ,
(3.5)
where σ¯j0 = 12τj and ǫαβ = ǫα˙β˙ = −iτ2 lowers spinor indies. Making
ontrations of (3.5) to bosons we obtain six independent invariants
|e1(u, v)〉 =
∑
j,a cˆ
a
j/rˆI
j
a , |e4(u, v)〉 =
∑
a,b δ
abJab ,
|e2(u, v)〉 =
∑
j,a Bˆ
a
j /rˆ
2Ija , |e5(u, v)〉 =
∑
a,b cˆ
a
j cˆ
b
j/rˆ
2Jab ,
|e3(u, v)〉 =
∑
j,a cˆ
b
j cˆ
b
k cˆ
a
k/rˆ
3Ija , |e6(u, v)〉 =
∑
a,b cˆ
b
j cˆ
d
j cˆ
d
k cˆ
b
k/rˆ
4Jab .
(3.6)
Other basis vetor an be obtained ating with invariant ombinations
of bosoni variables, i.e. (r, u, v), on these six vetors. This gives following
basis vetors
|n〉 =
6∑
m=1
hnm(r, u, v)|em(u, v)〉 , (3.7)
where hnm(r, u, v) are arbitrary funtions. Following Refs. [8, 12℄ they are
hosen as eigenfuntions of the harmoni osillator. In this basis the matrix
of the kineti Hamiltonian, HT , is tridiagonal.
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4. Diagonalization of the Hamiltonian matrix
The Hamiltonian (2.1) in the basis (3.7) gives the eigenequation
∑
n
Hn
′nvnk = Ekv
n′
k , (4.1)
where Hn
′n = 〈n′|H|n〉 is the Hamiltonian matrix [8, 12℄ while Ek are its
eigenvalues. The matrix for ut-o B ≤ 11 is plotted in Fig. 1. Intensity
of gray sale shows the amplitude of the matrix elements. We an see ve
broad branhes of the bosoni Hamiltonian, whih orresponds to hange of
nB by 0,±2,±4 and two other narrower branhes of the fermioni part, HF ,
where this hange equals ±1. For B = 60 this matrix has 10416 × 10416
elements and its diagonalization is muh more time onsuming
1
.
B 11109876543
3
4
5
6
7
8
9
10
11
Figure 1. The 112× 112 Hamiltonian matrix in the base (3.7) for ut-o B ≤ 11.
The dependene of the energy, Ek, on the ut-o is shown in Fig. 2.
We an see two dierent behaviours of the energy levels. The rst levels
onverge rapidly. They orrespond to loalized states. The other ones never
onverge but they slowly fall down as E(B) ∼ 1/B. Cut-o analyses of free
partile systems gives onjeture that the latter levels gives the ontinuous
spetrum at B →∞ [13℄.
1
The evaluation time grows exponentially with B. To speed up alulation the van
Baal's Mathematia ode [8℄ was rewritten to C++
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Figure 2. Energy spetrum as a funtion of ut-o B ≥ nB
The eigenfuntions of H read
|Φk(r, u, v)〉 =
∑
n
vnk |n〉 =
∑
n
vnk
6∑
m=1
hnm(r, u, v)|em〉 . (4.2)
Examples of suh wavefuntions were presented in [12℄. Indeed, the rapidly
onverging states are loalized in the entre of the x−oordinate system.
On the other hand, the non-loalized ones penetrate the system along the
potential valleys [12℄. For these states realization of the B → ∞ limit is
more ompliated and it is performed with xed energy E and hanging k,
i.e.
|Φ(E)(r, u, v)〉 = lim
B→∞
|Φk(EK=E,B)(r, u, v) 〉. (4.3)
Given the expliit form of the energy eigenstates using (4.2) we an
alulate averages of other operators
〈O〉k = 〈Φk(r, u, v)〉|O|Φk(r, u, v)〉 . (4.4)
The only tehnial problem is to rewrite the operators in terms of (r, u, v).
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5. Virial theorem
In order to distinguish the loalized states from the non-loalized ones
we apply the virial theorem. One an derive it from the Heisenberg equation
dFˆ
dt
=
∂Fˆ
∂t
+
1
iℏ
[Fˆ , Hˆ] . (5.1)
For a motion in a ompat spae the virial, ~x·~p, is a limited physial variable.
Therefore, its average does not hange with time:
0 =
d
dt
〈~x · ~p〉 =
1
iℏ
〈[~x · ~p, Hˆ ]〉 , (5.2)
where the seond equality follows from (5.1).
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Figure 3. The test funtion (5.6) for the bound states as a funtion of ut-o
B ≥ nB for the the lowest fteen energies. Here to guide the eye joined triangles
orrespond to states from disrete spetrum while stars are related to states with
ontinuous spetrum
In the ase of Hamiltonian H = T +V where T is the kineti energy and
the potential energy sales as V (α~x) = αnV (~x) one obtains from (5.2):
−2〈T 〉+ n〈V 〉 = 0 . (5.3)
In our ase
~x · ~p = −ir
∂
∂r
, (5.4)
and the onseutive parts of the Hamiltonian sale as
HT (αr) = α
−2HT (r) HV (αr) = α
4HV (r) and HF (αr) = αHF (r) .
(5.5)
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Therefore for the bound states the test funtion
f ≡ −2〈HT 〉+ 4〈HV 〉+ 〈HF 〉 = 0 . (5.6)
Applying (4.4) the averages 〈HX〉 are alulated over the eigenstates of
the Hamiltonian (4.2) as
EX = 〈HX〉k = 〈Φk(r, u, v)|HX |Φk(r, u, v)〉 . (5.7)
Substituting the obtained values of the averages to (5.6) we an hek
the relation (5.6) for the bound states. We plot the test funtion (5.6) as
a funtion of the ut-o f(B) in Fig. 3. One an easily see that for the
loalized states the relation (5.6) is fullled with a very good approximation
even for not so high B.
For the states with the ontinuous spetrum, ondition (5.6) is not sat-
ised. This is seen in Fig. 3 where we ompare the test funtions for the
bound states and the states related to the ontinuous spetrum as a funtion
of ut-o B ≥ nB. The test funtion (5.6) related to the bound states are
nearly equal to zero while the test funtion for the states whih form the
ontinuous spetrum seem to grow with B.
6. Summary
In this work we disuss supersymmetri Yang-Mills quantum mehanis
(SYMQM) [1, 2℄ in four dimensions for SU(2) gauge group. Investigation of
suh models allow to understand ompliated properties of the supersym-
metri theories, i.e. oexistene of loalized and non-loalized states, non-
triviality of the supersymmetri vauum, whih are ommon for dierent
supersymmetri theories.
We fous on the setor with the number of fermioni quanta nF = 2 and
the total angular momentum j = 0. This setor possess both disrete and
ontinuous spetrum [5℄, and the supersymmetri vauum state [8, 4, 12℄. In
order to nd the energy spetrum we use a method proposed by van Baal in
Ref. [8℄ where the ut-o of our Fok spae, i.e. B, is dened as a maximal
number of bosoni quanta, nB. To onrm loalization of states the virial
theorem is used (5.2).
The result of the Hamiltonian spetrum agree with the previous works
[4, 8, 14℄. However, here the alulations have been performed for the very
high ut-o B = 60. For this ut-o not only the spetra of bound states
onverge but also the orresponding eigenstates [12℄.
Our alulation shows that the quantum virial theorem is appliable for
the systems with more ompliated potential, e.g. one onsidered in this
work whih onsists of two dierent parts. Moreover, the virial theorem an
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be used to determinate loalization of the states where it is not possible to
alulate the Hamiltonian eigenstates and where the averages of operators
an be omputed in a dierent way. Thus in some ases the virial method
as the loalization test of states is easier and more appliable that diret
alulation.
In the future using this method one an alulate matrix representations
for other operators (4.4) and test various properties and laws for this model.
Furthermore, using similar methods one an also try to solve the models in
more dimensions and for dierent gauge groups [15℄.
Aknowledgements
I thank Jaek Wosiek for suggesting the subjet and fruitful disussions
as well as Pierre van Baal for making the program for alulation the en-
ergy spetrum available for me. I also aknowledge disussions with Maiej
Trzetrzelewski. This work was supported by the grant of the Polish Ministry
of Siene and Eduation P03B 024 27 (2004-2007).
Referenes
[1℄ E. Witten, Nul. Phys., B188:513, 1981.
[2℄ M. Claudson and M. B. Halpern, Nul. Phys., B250:689, 1985.
[3℄ T. Banks, W. Fishler, S. H. Shenker, and L. Susskind, Phys. Rev., D55:5112
5128, 1997; D. Bigatti and Leonard Susskind, hep-th/9712072, 1997; W.
Taylor, Rev. Mod. Phys., 73:419462, 2001.
[4℄ J. Wosiek, Nul. Phys., B644:85112, 2002; J. Kotanski and J. Wosiek, Nul.
Phys. Pro. Suppl., 119:932934, 2003.
[5℄ B. de Wit, M. Lusher and H. Niolai, Nul. Phys., B320:135, 1989; H. Niolai
and R. Helling, hep-th/9809103, 1998
[6℄ M. B. Halpern and C. Shwartz, Int. J. Mod. Phys., A13:43674408, 1998.
[7℄ J. Polhinski, String theory, Cambridge, UK: Univ. Pr. 1998.
[8℄ P. van Baal, 'The Witten index beyond the adiabati approximation', the
Mihael Marinov Memorial Volume, 'Multiple Faets of Quantization and Su-
persymmetry', World Sienti.,2001; hep-th/0112072.
[9℄ M. Lusher, Nul. Phys., B219:233261, 1983; M. Lusher and G. Munster,
Nul. Phys., B232:445, 1984.
[10℄ P. van Baal, Ata Phys. Polon., B20:295312, 1989.
[11℄ Jerey Koller and P. van Baal, Nul. Phys., B302:1, 1988.
[12℄ J. Kotanski, hep-th/0607012, 2006.
[13℄ M. Trzetrzelewski and J. Wosiek, Ata Phys. Polon., B35:16151624, 1989.
[14℄ M. Campostrini and J. Wosiek, Nul. Phys., B703:454498, 2004.
susyvta printed on 11th September 2018 9
[15℄ G. Veneziano and J. Wosiek, JHEP, 01:156, 2006; G. Veneziano and J.
Wosiek, hep-th/0603045, 2006; E. Onofri, G. Veneziano, and J. Wosiek,
math-ph/0603082, 2006.
